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Abstract— In this paper, the optimal power assignment strategy
is determined for hybrid automatic-repeat-request (H-ARQ)
protocols such that the average delay of the protocol is minimized
for any given total transmission power budget and any targeted
outage probability. A set of equations is derived that describe the
optimal transmission power sequence and its optimality is shown
based on the Karush-Kuhn-Tucker (KKT) Theorem. The set of
equations enables an exact recursive calculation of the optimal
transmission power per round, and the calculation complexity
is fixed regardless of the maximum number of (re)transmission
rounds allowed in the H-ARQ protocol. Compared to the con-
ventional equal power assignment strategy, the optimal power
assignment scheme achieves the same average delay with much
less total transmission power. More importantly, for certain
power budget levels, the optimal power assignment can make
the H-ARQ protocol work while the equal power assignment
cannot. Extensive numerical results are presented to illustrate
the theoretical development.

Index Terms:' Hybrid automatic-repeat-request protocol, av-
erage delay, optimal power assignment, outage probability,
Rayleigh fading.

I. INTRODUCTION

Automatic-repeat-request (ARQ) protocol is an effective
way to provide reliable transmission of data packets [1]-[5]. In
basic ARQ protocols, a receiver decodes an information packet
based only on the received signal in each (re)transmission
round [1], [2]. In hybrid ARQ (H-ARQ) protocols, a receiver
may decode an information packet by combining received
signals from all previous (re)transmission rounds [3]-[5]. In
general, H-ARQ protocols perform substantially better than
basic ARQ protocols. The optimization of transmission power
in retransmissions to save overall total power has been ex-
ploited for various ARQ protocols [6]-[9].

It is also important to optimize transmission power to reduce
the average delay of ARQ protocols in practical systems
(see for example [10]-[13] and the references therein). In
[10], by assuming that partial CSI is available and with
given delay constraint, optimal transmission power in each
(re)transmission round was determined for an H-ARQ protocol
by a linear programming method that selects a power value
from a set of discrete power levels. In [11], to maximize
the system throughput, an optimum number of retransmission
rounds was determined in terms of block error probability.
In [12], the joint statistics of transmission power and delay
was investigated for a general ARQ protocol. A power-delay
tradeoff curve was determined in terms of the data rate of
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each packet. Recently in [13], from an information-theoretic
perspective, an optimal tradeoff between transmission power
and packet queuing delay was characterized for communica-
tions over fading channels with feedbacks.

Note that, while the delay analysis has been well under-
stood for ARQ protocols [10]-[13], the power assignment
in retransmissions to minimize the average delay of H-ARQ
protocols turns out to be very challenging, which is tackled
in this paper. Specifically, we consider H-ARQ transmission
protocols in which a destination node decodes an informa-
tion packet by combining all received signals from previous
(re)transmission rounds to increase detection reliability. We
assume that the source-destination channel experiences quasi-
static Rayleigh fading. Our goal is to determine an optimal
power assignment strategy that minimizes the average delay of
the H-ARQ protocol with any given total transmission power
budget and any targeted outage probability. First, we derive a
set of equations that describe the optimal transmission power
sequence and prove its optimality based on the Karush-Kuhn-
Tucker (KKT) Theorem [15]. The set of equations enables
an exact recursive calculation of the optimal transmission
power per round, and the complexity is fixed regardless of
the number of (re)transmissions allowed in the H-ARQ pro-
tocol. Compared to the conventional equal power assignment
scheme, the optimal power assignment strategy achieves the
same average delay with much less total transmission power.
As shown in the numerical results, to achieve an average delay
of D = 1.05, the optimal power assignment strategy needs a
transmission power budget of P,,; = 250 while the equal
power assignment scheme needs a total transmission power
budget of P;,; = 400. More importantly, the optimal power
assignment scheme can achieve certain delay performance for
some given transmission power budget, which is impossible
for the equal power assignment scheme. Substantial numerical
results are presented to illustrate the theoretical development.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider an H-ARQ transmission protocol implemented
between one source and one destination allowing maximum
L — 1 retransmissions for each information package, as illus-
trated in Fig. 1. The operation of the H-ARQ transmission
scheme is described as follows. First, the source transmits
an information packet to the destination and the destination
indicates success or failure of receiving the packet by feed-
ing back a single bit of acknowledge (ACK) or negative-

3925



Source Destination

L /

Fig. 1. Tllustration of a hybrid-ARQ protocol with transmission power P,
per (re-)transmission round, 1 <1 < L.

acknowledgement (NACK), respectively. The feedback chan-
nel is assumed to be error-free. Then, if a NACK is received
by the source and the maximum number of retransmissions is
not reached, the source retransmits the packet at a potentially
different transmission power to be determined/optimized. If
an ACK is received by the source or the maximum number
of retransmissions is reached, the source begins transmission
of a new information packet. In each (re)transmission round,
the destination attempts to decode an information packet by
combining received signals from all previous (re)transmission
rounds based on the maximal-ratio-combining (MRC) tech-
nique [14]. If the destination still cannot decode an information
packet after L (re)transmission rounds, then an outage is
declared which means that the signal-to-noise ratio (SNR) of
the combined received signals at the destination is below a
required SNR.

The H-ARQ transmission scheme can be modeled as fol-
lows. The received signal y,q,; at the destination at the I-th
(re)transmission round can be written as

Ysdl = VP hsa Ts 4+ N4,

where x, is the transmitted information symbol from the
source, P is the transmission power used by the source at the
[-th transmission round, hgq is the source-destination channel
coefficient, and 7,4 is additive noise. The channel coefficient
hsq is modeled as a zero-mean complex Gaussian random vari-
able with variance o;. The channel is assumed to be quasi-
static, i.e., the channel remains fixed during (re)transmissions
of the same packet and may change independently when
transmitting a new information packet. The source-destination
channel is assumed to be known at the destination side,
but unknown at the source side. The additive noise 7154, in
each transmission round is modeled as a zero-mean complex
Gaussian random variable with variance Nj.

At the destination, it combines the received signals from
all previous (re)transmission rounds and jointly decodes the
information packet. The overall SNR of the combined signal
at the destination at the I-th (1 < | < L) (re)transmission
round is

l:172a"'7L7 (D

s = >ic1 Pilhsal?
sa, NO .

Thus, for a targeted SNR ~p, the probability of the event

2

that the destination node cannot decode correctly after [
(re)transmissions can be calculated, for a Rayleigh fading
channel with variance o2, to be
___ Mo
P =Privea; <] =1—e “HaZiati, 3)

Set p°#*Y = 1. Then, the probability that the H-ARQ protocol
stops at the [-th, 1 < [ < L, (re)transmission round is
pouti=1 _ poutl \which means the destination cannot decode
correctly at the (I —1)-th round, but succeeds at the I-th round.

The goal of this paper is to find an optimal transmission
power sequence P = [Py, P, ..., Pr] for the H-ARQ protocol
such that the average delay to deliver an information packet is
minimized under a given power budget and a targeted outage
probability performance. Since the probability that the protocol
succeeds exactly at the I-th round is p°**!=1 — pout:l and the
corresponding total transmission power is P; + Po + -+ P,
the average total transmission power and average delay of the
H-ARQ protocol, denoted as P and D respectively, can be
given by

L-1 l L

P = Z (pout,lfl - pout,l) ZP’L +pout,L71 ZP“ )
=1 i=1 i=1
L—-1

D _ Z (pout,l—l _ paut,l) l +pout,L—1L' (5)

1=1
For the H-ARQ protocol with a targeted outage probability pg
and a given total transmission power budget P;,;, the problem
of finding optimal power assignment to minimize the average
delay can be formulated as

min D with respect to Py, Pa,--+ ,Pr, >0
. p < Ptot
subject to =~ 6
] { pout,L S Do ( )

where P and D are specified in (4) and (5), respectively.

III. OPTIMAL TRANSMISSION POWER ASSIGNMENT
A. Simplify the Optimization Problem

We first simplify the optimization problem in (6), then we
will solve it based on the KKT Theorem. The average total
transmission power in (4) can be rewritten by switching the
summation order as follows

L L—1
P — Pz pout,lfl o pout,l + pout,Lfl , (7)
; lg ( )
where we consider the summation in terms of the index
7,1 < ¢ < L, first. Since ZIL:T (pf’““*1 - p‘mt’l) —
pouti—l _ pout,L=1 the average total transmission power can
be simplified to
L
P=P + ZPI po it (8)
1=2
Similarly, the average delay in (5) can be simplified to
L

D =14+ Zpout,l—ll (9)
=2
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Note that the first constraint in (6) means that the average
total transmission power cannot exceed the given power budget

Pio, ie.,
L

Pi+Y Pp™t < Py
=2

(10)

The second constraint in (6) implies that with a targeted SNR
70, the outage probability of the H-ARQ protocol with L
(re)transmissions should be no more than the specified outage
probability value py, i.e.,

_2—"{0%0_
pout,L —1_—¢e “2a%iLiPi S Po- (11)
Define Py £ %, then the constraint takes the form
sd 1—
L
Z P, > P,. (12)
=1

From (9), (10) and (12), the minimization problem in (6) can
be reformulated as follows:

- —
P):1+Z<1—e m&-ﬂ) (13)
=2

min
Py, ,PL>0
L e
subject to ERPVELY <1 me e Pi) = ot
S P> Py
where P = [Py, P,, ---, PL] is the power sequence.

Next, we prove that an optimal power sequence P =
[P1, Py, - -+, Pr] that minimizes the average delay D(P) in
(13) can be found at the boundary of the first constraint (i.e.,
the first constraint in (13) holds with equality). If there exists a
power sequence Py, Py, -+, P} such that the average delay
D is minimized and

Pr+ Y, P <1 —e
S P> Py

then let us consider another power sequence

pl:Pl*v
pL:anv

where 7 is given by

A 1 B
= ]_—
n Pr €

Ptot*-Pl

70No

2 -1
Ted iz Pi ) < Pyt

1<I<L-1;
l=1L

-1

voNo
2 L-1 px
osaXiz1 By

L—-1 _ Yo N
e )
=2

7PL

We can see that the new power sequence P, Py, ---
satisfies the first constraint in (13) with equality, i.e.,

Z_Pl<]_e sdzzlz>

____vNo_

2Ty P;‘) = Pypi.  (15)

P(plap2>"'a

+nPL*<1—e

Since Poor — Py — 1, Py <1 —e

_“foﬂo_

sdzz 1 Py ) >P*<
7—0_0_’\{N

o2 yL-1px :

e “:aZizi 1>,n1s lower bounded as
1 ____voNo -1 —
I-1px
77>—(1—e o34 Tisn Pi) PZ(I—@

Thus, we have

ZB

which means the second constraint of (13) is also satisfied with
the new power sequence. Since P, = P for 1 <[ < L -1,
we can see that

D(Plaﬁ)Za"'7

__vNo
2 L
osd 2i=1 Fi > =1

Z'Pl +77PL>ZPI >P07
=1

7)

i.e., the average delay resulting from the new power sequence
151, 152, cee Py is the same as that with the power sequence
P, Py, ---, P;. This means the new power sequence is also
an optimal solution that minimizes the average delay D in (13)
and it is located at the boundary of the first constraint in (13)
(with equality), i.e.,

’voNo

Pl"‘Z.P[(].e Sdz >—Ptat-
=2

As a consequence, the transmission power in the last round
Py, can be determined as

L—1 M
1—1
am—a—EjHQ—e%ﬂmﬂ>
1=2

B -1
X (1—6

From the second constraint in (13), the above Py, must satisfy

19)

P, =

2 L— A
o%a 2= Fi

(20)

YoNo >

L-1

P,>Py— Y P
=1

2

Combining (20) and (21), we have a new constraint
L-1 oMo
(PO = Pl> <1 —e aTia Pz-) <
1=1
L-1 Mg
Py — P1 — ZPl <1—€ ”gdzii’%) . (22)
1=2

Therefore, the minimization problem in (13) is simplified as:

L ___wNo
P)=1+Z <1—e ”idiiiﬂ) (23)
1=2
L-1 _ YoNg
subject to P; + Z P (1 —e “aTii: Pi)
1=2

L-1 YoM,
—%Q%—}ZB)G—@
=1

_0101_
o%a>ic P>_Ptot<07
with only one constraint instead of two in (13).

min
Py, P >0
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B. Solve the Problem based on the KKT Theorem

In the following, we try to solve the minimization problem
in (23) based on the KKT Theorem. Let us denote

A L-1 ___ oM
go(P) =P+ Z Pl<]- —e "gdziipi>

1=2

L-1 _ YoNo

+ (PO - Z Pl) <1 —e “laTi Pi) — Piot, (24)

1=1
and g;(P) £ —P for any i = 1,2,---,L. Then, the
minimization problem in (23) can be expressed as

~v0No
min D _1+Z<16 sd2111> (25)
subject to  ¢;(P) <0, i=0,1,2,---, L.

The KKT multiplier function of the above minimization is [15]

D(P) + ZN 9i(P)

where Mg, A1, -+, A are real numbers. According to the
KKT Theorem ([15], p.458), if a power sequence P* =

L(P;Xo, A1, ,AL) = (26)

[Py, Py, ---, Pf] is an optimal solution to the minimization
problem (25), there must exist constants Aj, Aj, - -+, A} such
that
P A5, AL, -, A
6£( s . L) :Oa k:]-aza"'aL; 27
0Py ——
A; >0, i=0,1,---,L. (29)

The condition in (28) is called a complementary slackness
condition [15]. We say a constraint g;(P) < 0 is inactive
if g;(P*) < 0, in this case the corresponding parameter A}
must be zero according to the condition in (28). On the other
hand, if A} > 0, then g;(P*) must be zero, i.e., the constraint
9i(P) < 0 is active in the minimization problem.

First, we want to show that go(P*) must be zero. If
go(P*) < 0, then according to the complementary slackness
condition in (28), Aj must be zero. In this case, for any
k=1,2---, L,

a‘C(P; Ay AL o )‘*L)

op;, P=P*

L Mo

= — ’YOZ—N;]Q 02, Ti 1 P; —)\;;<()7
121 oo (i P*)

which is contradictory to the condition (27). Thus, go(P*) =
0, which means that the constraint go(P) < 0 is active with
equality in the minimization. Moveover, with go(P*) = 0, we
know that

L—1

P =P — Z P}
=1

(30)

Next, we consider the case that none of the power P;
(k = 1,2,---, L) is zero, i.e., each of them is strictly

positive. In this case, according to the condition in (28), we
know that A\;; = 0 for any k = 1, 2, ---, L. Thus, for any

kzla 23 "'7L_1, we have
L N,
OL®iN) oy ey
=1 px
0Py P=P* It Ugd( Yo P )
___vNo _ voNo
+ AS <1 — e ”gdzi'c;f Pi*> — <]_ — e 73425:711 Pi*>
L—-1

voNo
PryoNo R o

— - e %saXi—1 Py

I=k+1 Usd(zl IP*)

(Po= S P ) oMo -
- . (ZL T ) e %saXi—1 i |,
(o] P
With 55 ‘P p. = 0and ac |P p. = 0, we have
oL _oc _ YoNo o 220:;/5}
OPi|p_p. OP2|p_p. O-.zdPI*Q
* _ oMo
Y [1 B PQZ’YIODJ:/;O] e P =0,
asd 1
which means )
o2 P¥ 1
pr— Zsd”1 - (31)
2 YoNo AS
For any k = 3,4,---,L — 1, from BP |P p- = 0 and
BPk ‘P P =0, we have
oL o _ YoNo eﬂ,rﬁd;‘}%
P lpop. Pilpop o2,(5 )
YoNo _ YoNo
+ )\3 e .salzie o R —e L
I S R
P 5 faXisn PPl =0,
U?d(zizl Pi*)
which implies
k—1 px _ Pi_170No
PI: = —Ugd(zizl Lif )2 1—e¢ ”id(zi':f Pi*)(Z?;IZ Pi*) _i_
YoNo AS
(32)
Finally, according to 8 |P pr = =0, we have
L—1 L—1
Py — Z P = de(Zizl Pr)?
k1 YoNo
- PL_170MNo 1
«[1-e AEETICE) | L )
0
Combining (30) and (33), we can determine P; by
L—1 1 B P _170No
pr — on (i PY)? 1—e “a(Cier)(5ipr) 1
g Y0No Ao
(34)
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We summarize the above discussion in the following theo-
rem which provides a recursive way to calculate the optimal
power sequence P, Py, ---, P}.

Theorem 1: In the H-ARQ transmission protocol, with
given power budget P;,; and targeted outage probability po,
the optimal transmission power P, P5, ---, P} that mini-
mizes the average delay can be determined as follows:

o2, Py 1
pp=-sd 1 _ (35)
2 YoNo G
2 (yk—1 pxy2 . Pii—170Mo
PI: — —USd(Zi:I Pi ) 1—¢e f’?d(Ef;f Pi*)(zi':f Pi*) ,i,
YoNo AS
(36)
for k =3,4,---, L, and
L _ vo’i\/’ol
E+§)¢P@@&lﬁ-ﬂw, (37)
k=2
Pl +P;+.--+ P} =Py, (33)
where P, £ % |

From Theorem 1, we observe that for any fixed A > 0 and
Py, all other transmission power P;,k = 2,3,---,L, can
be determined by the equations in (35) and (36) accordingly.
Thus, we can search parameters Ay and P} based on the
constraints in (37) and (38) to find the optimal solution that
minimizes the average delay. We can see that in this way,
the complexity is reduced to the search of two variables Aj
and Py, and the complexity is fixed no matter how large the
maximum number of (re)transmission rounds L is.

Note that we summarize the result in Theorem 1 for the case
that each power P;; (1 < k < L) is strictly positive, i.e., non-
zero for all of the L transmission rounds. If the equations in
the theorem do not result in strictly positive power sequence,
then we need to consider the case that the optimal transmission
power sequence may have zero values in some transmission
rounds. In this case, we can show that the optimal power value
in the last transmission round must be zero, i.e., P; = 0. The
proof is detailed as follows. If there exists a power sequence
P, P3, -, Py having a zero element P, = 0 for some kg
(1 < ko < L—1)and P} # 0 which is an optimal solution of
the minimization problem in (25). Then, we consider another
power sequence

Py, 1<k<ky—1;
P.={ Pr ., ko <k<L-1; (39)
0 k= L.
We can see that
L L
Y B=) Pi=h, (40)
k=1 k=1
p(PhPQa"'apL):p(Pl*apga"'7PL*,):Ptota 41)

TABLE 1
OPTIMAL POWER SEQUENCE TO MINIMIZE THE AVERAGE DELAY WITH
DIFFERENT TOTAL POWER BUDGETS (L = 5 AND pg = 107 1).

e T [ [ [ [ P
15.20 | 15.57 | 19.26 | 21.89 | 22.99 35
23.50 | 28.17 | 28.20 | 15.10 0 40
30.80 | 39.04 | 25.15 0 0 45
37.90 | 48.67 8.35 0 0 50
45.10 | 49.72 0 0 55
77.90 | 16.92 0 0 80
94.90 0.01 0 0 95

i.e., the new power sequence also satisfies the two constraints
in the minimization problem. The outage probability perfor-
mances of the two power sequences are the same. The only
difference between the two sequences is that the new sequence
stops transmission at the last round while the previous one
holds transmission in the middle (in the ky-th round), so

-, P})=D(Py, Py, ---, P)+1,

which means that the new power sequence would result in a
smaller average delay. This is contradictory to the assumption
that the power sequence Py, Py, ---, P} with P} # 0 is an
optimal solution to minimize the average delay. By repeating
the above argument, we can conclude that if some of the opti-
mal transmission power values are zeros in some transmission
rounds (say totally Ly rounds), then it must happen in the last
Ly transmission rounds, ie., Pf_; 4 = -+ = P[ =

In this case, we can reduce the minimization problem by
considering an H-ARQ protocol with L — Ly transmission
rounds, and then utilize Theorem 1 again by replacing L
with L — Ly to obtain the strictly positive power sequence
P 1*7 P, 2* [

D(P;, Py, - 42)

) PE—LO'
IV. NUMERICAL RESULTS

In this section, we present some numerical results to illus-
trate the optimal power sequence obtained from Theorem 1
and also compare the average delay of the H-ARQ protocols
with and without the optimal power assignment strategy. In
the numerical calculation, we assume that the variance of the
channel hgq is afd = 1, the noise variance is Ny = 1, and the
required SNR for reliable decoding is 79 = 10 dB.

In Table I, we list optimal power sequences of the H-
ARQ protocol with different total power budgets Pj,;. We
assume that the H-ARQ protocol has maximum L = 5
(re)transmission rounds and the targeted outage probability
is po = 107, We can see that when the power budget is
P,,; = 35, the optimal power sequence has strictly positive
value in each transmission round. When the power budget
is P;,t = 40 and larger, the optimal power sequence has
some zero power at the last few transmission rounds. It is
also interesting to observe that the optimal power sequence is
increasing in the first few transmission rounds (up to certain
level which depends on the power budget) and then decreasing
after that.

3929



14 T T T T T
—+— Equal power assignment
1351 —*— Optimal power assignment by proposed scheme| |
®
1.31 B

Average Delay
S

Minimum for optimal power

Minimum for equal power

1.05F
1 1 1 1 1 1 1 1 Z
100 200 300 400 500 600 700 800 900
Total transmission power budget
Fig. 2. Comparison of the average delay of the H-ARQ protocol with the

equal and optimal power assignment strategies, 70 = 10 dB, pp = 1072,
L =4.
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Fig. 3. Comparison of the average delay of the H-ARQ protocol with the

equal and optimal power assignment strategies, y0 = 10 dB, pp = 1072,
L =5.

We compare the average delay of the H-ARQ protocol with
the equal and optimal power assignment strategies in Figs. 2
and 3 for L = 4 and L = 5, respectively. From both figures,
we can see that compared to the equal power scheme, the
optimal power assignment scheme achieves the same average
delay with much less power budget. For example, in Fig. 2
(L = 4), to achieve the average delay D = 1.05, the optimal
power assignment needs power budget of P;,; = 250 while the
equal power assignment needs power budget of P;,; = 400.
Moreover, the minimum power budget required in the equal
power scheme is P, = 270 while it is only P, = 90 for the
optimal power scheme. For a given power budget P;,; in the
range of 90 ~ 250, the optimal power assignment can make
the H-ARQ protocol work while the equal power assignment

cannot. We have similar observations in Fig. 3 for L = 5.

V. CONCLUSION

In this paper, we determined the optimal power assignment
strategy to minimize the average delay of the H-ARQ com-
munication protocol over quasi-static Rayleigh fading chan-
nels with any given power budget and any targeted outage
probability. We derived a set of equations that describe the
optimal transmission power sequence and proved its optimality
based on the KKT Theorem. The set of equations enables an
exact recursive calculation of the optimal transmission power
per round, and the calculation complexity is fixed regardless
of the maximum number of (re)transmission rounds allowed
in the H-ARQ protocol. Compared to the conventional equal
power assignment scheme, the optimal power assignment
scheme achieves the same average delay with much less total
transmission power. Moreover, the minimum power budget
required in the optimal power assignment scheme is much less
than that in the equal power assignment scheme. For certain
power budget levels, the optimal power assignment strategy
can make the H-ARQ protocol work while the equal power
assignment strategy cannot.
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