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Abstract— We address the fundamental problem of iden-
tifying the optimal power allocation sequence for hybrid
automatic-repeat-request (H-ARQ) communications over quasi-
static Rayleigh fading channels. For any targeted H-ARQ link
outage probability, we find the sequence of power values that
minimizes the average total expended transmission power. The
newly founded power allocation solution reveals that conventional
equal-power H-ARQ assignment is far from optimal. For exam-
ple, for targeted outage probability of 10~ with a maximum
of two transmissions, the average total transmission power with
optimal assignment is 9dB lower than the equal-power protocol.
The difference in average total power cost grows further when
the number of allowable retransmissions increases (for example,
11dB gain with a cap of 5 transmissions) or the targeted outage
probability decreases (27dB gain with outage probability 10~°
and transmissions capped at 5).

Index Terms:! Hybrid automatic-repeat-request protocol, op-
timum power allocation, outage probability, Rayleigh fading.

I. INTRODUCTION

Automatic-repeat-request (ARQ) protocols, in which a re-
ceiver requests retransmission when a packet is not correctly
received, are commonly used in data link control to enable
reliable data packet transmissions [1]-[7]. In a basic/simplest
ARQ protocol, a receiver decodes an information packet based
only on the received signal in each transmission round [1], [2].
Advanced ARQ schemes, in which a receiver may decode
an information packet by combining received signals from
all previous transmission rounds, have been known as hybrid
ARQ (H-ARQ) protocols [3]-[7].

In wireless links formed by wireless devices with limited
power resources, power efficiency is a key research matter in
the optimization of ARQ retransmission protocols [8]-[12].
In [8], [9], the power efficiency of several ARQ protocols
was examined under the assumption of the same transmission
power in each retransmission round. In [10], the transmission
power in each retransmission round was optimized for several
ARQ protocols by assuming that channel state information
(CS)) is available at the transmitter side and CSI takes values
from a prescribed finite set of values. In [11], by assuming that
partial CSI is available, optimal transmission power in each
retransmission round was determined for an H-ARQ protocol
by a linear programming method that selects a power value
from a set of discrete power levels. Recently, an optimal power
transmission strategy was identified for a basic ARQ protocol
where the receiver decodes based only on the received signal
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in each transmission round and the channel changes inde-
pendently per transmission [12]. A necessary and sufficient
condition for the optimal transmission power sequence was
found which indicates that power must be increasing in every
retransmission. We note that this result is not applicable to
slowly fading channels.

In this work, we study advanced H-ARQ protocols in
which the destination node decodes an information packet by
combining all received signals from previous (re-)transmission
rounds. We assume that the source-destination channel expe-
riences slow fading, i.e. the channel does not change during
retransmissions of the same information packet. Our goal is to
find the optimal power assignment strategy for retransmissions
that minimizes the average total transmission power for any
given targeted outage probability. First, we derive a set of
equations that describe the optimal transmission power values
and enable their exact recursive calculation. Interestingly, it
turns out that the optimal transmission power assignment
sequence is neither increasing nor decreasing; its form depends
on given total power budget and targeted outage performance
levels. To reduce calculation complexity, we also develop an
approximation to the optimal power sequence that is close
to the numerically calculated exact result. The optimal power
assignment values reveal that the conventional equal-power
assignment is far from optimal. As an example, for a targeted
outage probability of 10~3 and maximum number of transmis-
sions L = 2, the average total transmission power based on
the optimal power assignment is 9dB less than that of using
the common equal-power scheme.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider an H-ARQ transmission protocol implemented
between a source node and a destination node as illustrated in
Fig. 1. The H-ARQ transmission scheme operates as follows.
First, the source transmits an information packet to the destina-
tion and the destination indicates success or failure of receiving
the packet by feeding back a single bit of acknowledge (ACK)
or negative-acknowledgement (NACK), respectively. The feed-
back channel is assumed error-free. Then, if NACK is received
by the source and the maximum number of transmissions L is
not reached, the source retransmits the packet at a potentially
different transmission power to be determined/optimized. If
ACK is received by the source or the maximum transmis-
sion number L is reached, the source begins transmission
of a new information packet. In each retransmission round,
the destination attempts to decode an information packet by
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Fig. 1. Tllustration of a hybrid-ARQ protocol with transmission power P,
per (re-)transmission, 1 <[ < L.

combining received signals from all previous transmission
rounds by standard maximal-ratio-combining (MRC) [13]. If
the destination still cannot decode an information packet after
L transmission rounds, then an outage is declared which means
that the signal-to-noise ratio (SNR) of the combined received
signals at the destination is below a required SNR.

The H-ARQ transmission scheme can be modeled as fol-
lows. The received signal y.q, at the destination at the [th
transmission round can be written as

Ysdl = VP hsa Ts 4+ Nsq,

where x, is the transmitted information symbol from the
source, P is the transmission power used by the source at the
[th transmission round, hgg is the source-destination channel
coefficient, and 754, is additive noise. The channel coefficient
hsq 1s modeled as zero-mean complex Gaussian random vari-
able with variance o2;. The channel is assumed to be quasi-
static, i.e. the channel remains fixed during retransmissions of
the same packet and may change independently when a new
information packet is to be transmitted. The source-destination
channel is assumed to be known at the destination side, but
unknown at the source side. The additive noise contribution
7Nsd, 1s modeled as a zero-mean complex Gaussian random
variable with variance N.

At the destination side, the receiving node combines the
received signals from all previous retransmission rounds and
jointly decodes the information packet. The overall SNR of
the combined signal at the destination at the /th (1 <1 < L)
retransmission round is

l:172a"'aL7 (1)

Zé:l Pi‘hsd|2 2)
No
Thus, for a targeted SNR -y, the probability of the event that
the destination cannot decode correctly after [ transmission
rounds can be calculated, for a Rayleigh channel with variance
2
0% to be

Vsd,l =

v0No

pOUt’l — Pr [’Vsd,l < ,70] =1 e_m. (3)

Set p°ut0 = 1. Then, the probability that the H-ARQ protocol
stops at the /th, 1 <[ < L, transmission round is pout’l’1 —
p°*t! which means the destination cannot decode correctly at
the (I — 1)th round, but succeeds at the Ith round.

Our goal is to find an optimal power allocation sequence
P = [P, P, ..., Pr] for the H-ARQ protocol such that the

average total transmission power for the protocol to deliver an
information packet is minimized. Since the probability that the
protocol succeeds exactly at the Ith round is po*h!—1 — pout:
and the corresponding total transmission power is P; + P» +
-+ 4 P, the average total transmission power of the H-ARQ
protocol can be expressed as

L—-1

l L
P = (poumlfl o pout7l) Z P+ pout,Lfl Z P, 4)
=1 =1 i=1

Note that the protocol stops retransmissions after the Lth round
no matter whether decoding at the Lth round is successful
or not. For the H-ARQ protocol with a targeted outage
probability pg, the problem of optimal power assignment can
be formulated as follows:

min P with respect to Py, Po,--- , P, >0
subject to  p°tL < p, 3)

where P is specified in (4).

III. OPTIMAL POWER SEQUENCE

The average total transmission power in (4) can be rewritten
by switching the summation order as follows

L L—1
P = Z P, Z (pout,l—l _ pout,l) +pout,L—1 (6)
i=1 =i
where we consider the summation in terms of the index
i,1 < i < L, fist. Since Y150 (poutt=1 — poutl) =
poubi—l p"“t’L —1 the average total transmission power can
be simplified to

L
P = P+ ZB pout,171. (7)
1=2
The constraint in (5) means that with a targeted SNR ~, the
outage probability of the H-ARQ protocol with L retransmis-
sions should be no more than the specified outage probability
value pyg, i.e.

v0No

out,L _ 1— e_m < po. (3

p

A
Define Py = 707/\/01

pl
ol4ln T=pg

ZzL:1 P, > Py and the optimization problem in (5) becomes

. Then, the constraint takes the form

L — N

i P 2 : 2 —1 5.

mlnPl»'“vPLZO P:P1+ Pl |:1€ Usdzi_lpt:|
=2

L
subject to ZPl > P,. )
=1
Next, we relax temporarily the non-negative condition on
Pl =1,2,---,L, consider the sum-power constraint with
equality, and form the Lagrangian objective function

L _ v0No L
‘C(P7)‘)P1+ZPI|:1€ U?dzi=}P1:|+>\|: ]DZP0:|
=2 =1

(10)
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Taking the derivative of £ (P, \) with respect to A and setting
it equal to zero, we have the power constraint as ZlL:l P —
Py = 0. The derivatives of £ (P, \) with respect to Py, k =

1,2,---, L, are
VOkNo
-1
o2a i Pz‘:|

oL -
9L _ [1 e
L _ v0No
_ #A{O e “2aTiZiPi 4\
1= k+4,05d(§: }))

1D
According to % =0 and 85 = 0, we have
oL oL |, PﬂoN@ o o (12)
orP, 0P fdPQ ’
which means > p2
o
P, = vod/\/; : (13)
For any k = 3,4,-- -, L, according to 812151 =0 and % =
0, we have
YoN
oL - oL . Gsdzoqv;quv
OPk._l (9Pk
___vNo
+ [1— % e "gdg/]f:%lpz =0,
oy ( sy Pi)

(14)

which implies

2 k—1 2 _ Pr_17v0No
i1 p i -
o 05> icy Bi) 1 —e 2(Zizim)(Sisl m) . (15)
Yo No

for any k£ = 3,4,---, L. We can easily verify now that the
obtained power values are positive and P cannot be further
minimized with strict inequality in (9). We summarize the
above discussion in the following theorem.

Theorem 1: In the H-ARQ transmission protocol, to min-
imize the average total transmission power, the optimal trans-
mission power Pj at the kth, 1 < k < L, transmission round
must satisfy

P, = C;%lj\];f, (16)
P = w 1— 67 o2 (Zfzflij)o(;of;f P;) . (17)
YoNo
for k =3,4,---,L, and
Pi+P+--+ P =P, (18)
where Py = 27]‘1’1% 7o is the required SNR for correct

decoding, and py is the targeted H-ARQ outage probability. O

From Theorem 1, we can see that the optimal transmission
power values can be calculated recursively. According to
(16) and (17), optimal transmission power value P,k =
2,3,---,L, can be calculated based on Py, Py, -+, P,_1. So

for any given power P, all other transmission power Py, k =
2,3,---,L, can be determined. The optimal initial power P;
can be numerically found by (18). When L = 2, for example,
the optimal transmission power numbers P; and P are
Pr=— 2 and P, = i ( 1+ et 1)
1+\/ +W

From the theorem, we also observe that the optimal power
assignment sequence is neither increasing nor decreasing. For
example, if P, < ”"N“ , then the optimal transmission power

P, is less than P;. SOn the other hand, if P, > 7"4\/“ then

the optimal transmission power P is larger than 7—‘5 This
phenomenon is fundamentally different from the case in [12]
where the optimal transmission power values are increasing in
every retransmission.

In the remaining of this section, to reduce calculation com-
plexity we further present a simple and tight approximation for
the optimal transmission power sequence. Since 1 —e™% ~ x
for small x, for any k = 3,4, --- , L, the optimal transmission
power Py in (17) can be approximated as

U?d(Z:‘:f P)? Pr._170No
Py~ N A= 2
YoNo osy(2iz Pzt Bi)
P2
= P 1+7‘21 k=34, L. (19)
=1 P;
Substituting P, = %Z”’NP; into the above approximation, we
have 2 p2 2 p
g g 1
Py~ Sd1(1+ sd ) (20)
’ YoNo Y0No
By induction, we can show that
0'2 P, O'2 Pl k=2
Pk ~ sd” 1 ( + sd ) , (21)
’YONO 70./\/0

for any k = 3,4,--- , L. Substituting (21) into (18), we have
a sum-power constraint as follows

L 2 2 2 k—2
o2, P g P1
P, +§ sd” 1 (1+ sd ) o (22)
' = 10No Y0No ’
or equivalently
0'2 P1
P (14— > =P 23
1 < oo 0 (23)

We summarize the above discussion in the form of the
following theorem.

Theorem 2: In the H-ARQ transmission protocol, the op-
timal transmission power at each round can be approximated

as
P~ o2, P} (1 N Ugdpl)kz
"/ONO 70/\/0

for k=2,3,---

(24)

, L where P, is determined by the constraint

O'2P1 L-1
P14 =24 = Py.
1( * ’YON0> 0

(25)
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From Theorem 2, we can see that the optimal transmission
power P; can be directly determined by (25). Then, P; can be
used to determine all other optimal transmission power values
Py, k=2,3,---, L. Based on (25), the optimal transmission
power P is bounded by

~oNG <a§dpo> ToL-1
VoNo

1
YoNo (Uid%) K

< P <
L o2, \oMNo

o2
(26)

In Fig. 2 we show comparisons of the approximation of
the optimal transmission power values by Theorem 2 with the
exact optimized values by Theorem 1. We assumed 02, =
1 and Ny = 1. The targeted SNR is g = 10 dB and the
required outage performance is py = 1073. The maximum
number of transmission rounds is L = 5. We can see that the
approximations of the optimal transmission power values are
very close to the exact optimal values. For comparison, we
also include in the figures the transmission power of equal-
power assignment protocols. We observe that in the first few
retransmission rounds, the optimal power assignment strategy
assigns significantly less transmission power compared to the
equal-power assignment strategy.

Finally, utilizing the tight approximation of the optimal
transmission power sequence, the average total transmission
power of the H-ARQ protocol accounting for requested re-
transmissions can be approximated as follows

-2
Ugdpl )
“Yo-/\/o

L 2 p2
_ o, P
Pt~ P4y —d (1 +

vo0No ( +f’§dpl>7l+2
) ~YoNo
X |1 —e sl oo , (27)

Vgé\/ 0 then

which depends only on P;. Moreover, if P, >
using the approximation 1 —e™* =~ x for small z, thédaverage
total transmission power across requested retransmissions can
be further approximated as

L

Py~ Py + Z P =LP,. (28)

1=2
For comparison purposes, if we consider an equal power
assignment strategy, the average total transmission power of
the H-ARQ protocol can be obtained as

L voNo

TIT-1 52
”sdPO,

(29)
=2

in which a constant power Py/L is used in each transmission.

IV. NUMERICAL RESULTS

In this section, by numerical calculation we compare the
power efficiency of the optimal power assignment strategy
derived in this work and the conventional equal-power assign-
ment approach. We assume that the variance of the channel
hgq 1S de =1 and the noise variance is Ny = 1.

The average total transmission power of the two power
assignment schemes are shown in Figs. 3 and 4 for the cases

10000 T T
— & — Equal power assignment
9000 | —&— Optimal power assignment: exact calculation 1
—*— Optimal power assignment: approximation
8000 - B

7000

6000

5000

4000

Transmission power Pk

3000

20004

1000

o i
1 2 3 4 5
Transmission round index k

Fig. 2. Transmission power sequence of equal and optimal power assignment
strategies with L = 5, yo = 10 dB, po = 1073.

of L = 2 and L = 5, respectively, as a function of the
targeted SNR . The required outage performance of the H-
ARQ protocol is set at pg = 1072, When L = 2, from Fig. 3
we observe that the optimal power assignment saves about 9
dB in average total transmission power compared to the equal-
power H-ARQ. When L = 5, from Fig. 4 we can see that the
optimal power assignment shows an 11 dB gain compared to
the equal-power assignment scheme. In both figures, the exact
calculation of the average total transmission power is based
on Theorem 1 and the approximation is based on Theorem
2. Again, the approximations match tightly with the exact
calculation results.

Figs. 5 and 6 present the average total transmission power
required for different targeted outage probability values where
Yo = 10 dB. The maximum number of transmission rounds is
L =2 in Fig. 5 and L = 5 in Fig. 6. From the two figures,
we can see that for an outage performance of py = 1074,
the power savings of the optimal power assignment scheme
compared to the equal-power assignment scheme are 15 dB
when L = 2 and 19 dB when L = 5. The lower the required
outage probability, the more important optimization of the
power sequence becomes. Similarly, with the same targeted
outage performance, the larger the number of retransmission
rounds allowed in the protocol, the larger the performance
gain between the optimal power assignment scheme and the
equal-power assignment scheme.

V. CONCLUSION

In this paper, we determined an optimal power assignment
sequence for the H-ARQ transmission protocol in quasi-static
Rayleigh fading channels. Both an exact recursive expression
and a direct tight approximation of the optimal transmission
power were presented. The optimal power assignment values
reveal that conventional equal-power assignment is far from
optimal. For example, for a targeted outage performance of
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Fig. 4. Average total transmission power of the equal and optimum power
assignment. L = 5, pg = 1073,

107% and maximum number of transmissions L =

5, the

average total transmission power by the optimum assignment
is about 27dB less than that of using equal-power assignment.
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